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Abstract
We describe a Riemannian space class where the second Dirac operator arises and prove that the
operator is always equivalent to a standard Dirac one. The particle state in this gravitational field
is degenerate to some extent and we introduce an additional value in order to describe a particle
state completely. Some supersymmetry constructions are also discussed. As an example we study all
Riemannian spaces with a five-dimentional motion group and find all metrics for which the second
Dirac operator exists. On the basis of our discussed examples we hypothesize about the number of
second Dirac operators in Riemannian space.
1 Introduction
The Dirac equation is one of the most important equations in theoretical physics. Many articles and
monographs have been devoted to the investigation of this equation and its solutions [1, 2]. The general-
ization of this equation for all Riemannian manifolds is rather natural and gives us the task of finding the
motion of a spin-1
2
particle in an external gravitational field. The gravitation considerably changes the
motion dynamics of the particle and new effects arise that are not observed in flat space. We will discuss
one of these effects that arises because of a second ‘non-standard’ Dirac operator as the literature on this
problems shows (we will give an exact definition later on). A ‘non-standard’ Dirac operator arises in those
Riemannian spaces in which a symmetric Killing tensor aij (a(ij;k) = 0) exist, the square root of which
is defined by an antisymmetric Killing-Yano tensor. Penrose was the first to draw attention to this fact
[3]. We suggest another way to define the second Dirac operator and afterwards generalize it, reducing
the difficulty of evaluating the egenvalue for the Riemannian space metric. Using our method we find a
class of gravitational fields where the second Dirac operator exists and establish an equvalence between
the second Dirac operator and the ‘standard’ Dirac one. Further proof of the theorem dealing with the
equality of indices of ‘standard’ and ‘non-standard’ Dirac operators is given (see [4]). We also prove that
in spaces where the second Dirac operator exists there always appears two sequences of differential matrix
operators. Operators of the first sequence commute with the Dirac operator and operators of the second
sequence anticommute with the Dirac operator. We give explisit equations for this operator and discuss
some supersymmetry constructions. The presence of a second Dirac operator makes it possible to obtain
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a second solution of the initial Dirac equation, so in some sense the spinal particle state appears to be
degenerated and one has to introduce an additional value to describe the state of a particle completly.
We interpret this value as a parity analog. As an example we give all Riemannian space metrics with a
five-dimentional motion group where the second Dirac operator exist and formulate a working hypothesis
concerning the number of second equivalent Dirac operators.
In section 2 we discuss a Dirac operator and a second Dirac operator in Riemannian space. In this
section a Riemannian space class is discribed where a second Dirac operator arises. In section 3 we prove
an equivalence between a Dirac operator and a second Dirac one and study some properties of value
of the equivalence between these operators. In section 4 we give all space metrics with five-dimentional
motion group where a second Dirac operator exists and in section 5 we discuss the solution of the Einstein
equation and Petrov types for all discussed metrics. Our hypotheses concerning the number of second
Dirac operators is given in section 6.
2 When does the second Dirac operator arise?
2.1 General remarks on a Dirac operator in Riemannian space
Let us write a free Dirac equation in some system of coordinates {xi} in four-dimensional Riemannian
space
DΨ ≡ γkPkΨ = mΨ. (1)
HereD denotes a (‘standard’) Dirac operator,m is a constant, Pk = i(∇k+Γk),∇k is a covariant derivative
operator, Γk is a spin connection, where repeating indices indicates summation. A spin connection
describes the interection of spinors with the gravitational field, but our choice is not quite unique (see
[5], vol 2). For the spin connection we use the following equation:
[Pk, γi] = 0, Sp(Γi) = 0, (2)
If we open the brackets in (2) we find the following equation:
γk;i = [γk,Γi] (3)
here and later [A,B] = AB−BA is a commutator of A and B, {A,B} = AB+BA is an anticommutator,
the symbol a;k denotes the covariant derivative with respect to coordinate x
k about a metric, symbol a,k
or ∂xk denotes a partial derivative with respect to the coordinate x
k.
Dirac matrices in Riemannian space are defined as arbitrary but fixing a solution of the system
γiγj + γjγi = 2gij(x)Ê4, (4)
where Ê4 is a unit 4× 4 matrix and gij is a metric tensor.
Shapovalov proved [6] that the choice of the spin connection in the form (2) yields the existence and
uniqueness (to a precision of type equvalence S−1γS, where S is a non-singular matrix) of the system
solution (4). That is why we choose the spin connection in the form (2). If we change γ-matrices to
equivalent matrices
−
γ= S−1γS, the spin connection changes to
−
Γi= S
−1ΓiS + S−1S,i, and now the Dirac
operator is ‘covariant’ about our transformation
−
D= S−1DS.
To construct Dirac matrices in Riemannian space in explicit form we use the tetrade method. For
this purpose in 4 × 4 matrix space we introduce a basis Ê4, γ̂, γ̂i,
∗
γ̂i, γ̂ij . A matrix γ̂ is defined as
2
γ̂ = −γ̂1γ̂2γ̂3γ̂4, matrices
∗
γ̂i= − 1
3!
εijklγ̂
j γ̂kγ̂l and γ̂ij = 1
2
[γ̂i, γ̂j ]. Let us define γi(x) = ei(a)γ̂
a, where γ̂a
are constant Dirac matrices (with a hat). An explicit form for these matrices can be found in appendix
A. ei(a) is the orthogonal tetrad, these values split the constant metric e
i
(a)e(b)i = ηab, here ηab is the
Minkovsky matrix, which is a constant diagonal matrix. Indices are raised and lowered by η for tetrad
indices, and by g for coordinate indices. All indices run from 1 to 4. We choose a signature of the form
ηab = η
ab = diag(+1,−1,−1,−1). All tetrades for our examples can be found in appendix B.
For the spin connection one can use the following equations:
Γi = −1
4
γk;iγ
k or Γi =
1
4
γkγk;i. (5)
These equations are derived on the base of the following:
Pkγi = 0. (6)
If we open the brackets in (6) we find (5). Spin connections of the form (5) are often called Fock-Ivanenko
coefficients. We use equations (5) for our examples.
Lemma 1 Equations (2) and (6) in four-dimensional Riemannian space are equivalent.
Proof. We prove that equation (6) follows from equation (2), we seek the form
Γi = aiγ + b
n
i γn + c
nm
i γnm + d
n
i
∗
γn .
We substitute this expansion into (2) and equate to zero the coefficients on the bases γ̂-matrices and
obtain the following equation (with cnmi = −cmni )
γk;i = 4c
nm
i gnkγm, ai = b
n
i = d
n
i = 0.
Multiplying this equation from the left by γk and contracting the index k we find
γkγk;i = 4c
nm
i γnγm = 4Γi.
Here we use the equation γiγj = γij + gijÊ4, so
Γi =
1
4
γkγk;i. (7)
Comparing equations (5) and (7), we deduce that in four-dimensional space these connections are equal.
The second condition in (2) is obvious.
Remark. Conditions (2) and (6) are not equvalent in other dimensions.
A general form of the symmetry operators for the equation (1) was found by Shapovalov [6]. This
problem was also solved independently in papers by Carter and McLenaghan [7] and McLenaghan and
Spindel [8, 9]. The symmetry operators for Dirac equation (1) has the following form:
L = Ê4ξ
kPk − i
4
γklξk;l (8)
L =
∗
γj f
kjPk +
i
3
γj f˜
kj
;k, (9)
L = 2γγlkfkPl +
3i
4
γfk;k. (10)
Here γkl = 1
2
[γk, γl], γ = − 1
4!
eijklγ
iγjγkγl,
∗
γi= − 13!eijklγjγkγl, f˜ij = 12eijklfkl, eijkl =
√
− det(gmn)εijkl, a
complete antisymmetric tensor (ε1234 = 1).
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The vector field ξk in operator (8) is defined from the equations ξi;k+ ξk;i = 0 and is called the Killing
vector field. A tensor field in operator (9) is found from equations
fij + fji = 0, fij;k = eijkl g
l, (fij;k + fik;j = 0), (11)
where gl is a vector and is called the Killing-Yano tensor. A vector field in operator (10) is defined by
the equation fi;j =
1
4
gijf
k
;k, fi = η,i where η is a scalar and is called the Yano vector field. Equations for
this field are found, for instance, in [6, 7, 8]. Operators (8), (9) and (10) commute with a Dirac operator
(1) according to the definition [D,L] = 0.
2.2 Second Dirac operator
Carter and McLenaghan [7] and McLenaghan and Spindel [8, 9] showed that using the Killing-Yano tensor
field we can construct a symmetric Killing tensor:
aij = f ikf jk. (12)
This tensor together with Killing vectors under some additional conditions makes a complete commutative
set for the Klein-Fock equation [10]. We define a Klein-Fock operator as a quadrate of the Dirac operator
(the equality under derivatives of higher order)
K = D2. (13)
It is remarkable that there are Riemannian spaces where for a symmetry operator (9) the following
condition holds:
L2 = D2, L 6= D (14)
and our aim is to describe this class of gravitational fields. We interpret the symmetry operator L (9)
under condition (14) as the second (‘nonstandard’) Dirac operator. The equality (14) we view as an
identity (in a weaker sense than in equation (13), but we shall prove that equation (14) always holds
identically). Let us write out values under derivatives in equations (1) and (9) and quadrate. Using the
tetrad technique we see that if (14) is fulfiled the following conditions are to be satisfied:
f ikf jk = g
ij. (15)
that is, Killing tensor (12) should be equal to metric tensor.
One can see equation (15) as an egenvalue problem:
Ainjmg
nm = λgij , Ainjm = finfjm, (16)
since a Killing-Yano tensor field is defined to the precision of any multiplier, the parameter λ has, in
principle, only two meanings: λ = 0, 1. In the case where λ = 1 the second Dirac operator arises. It
is necessary to have an individual investigation in the case where λ = 0 because in this case there is a
symmetry operator (9) under the condition L2 = 0. We shall give some examples of this gravitational
field later on.
A basic property of the Killing-Yano tensor field in equation (16) is given as the following proposition.
Proposition 1 A Killing-Yano tensor field satisfying condition (16) is covariantly constant.
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Proof. Case λ = 1. First of all it is necessary to point out that from equation (16) considered as
multiplication of matrices it follows that det(fij) = ± det(gij) 6= 0. Contracting equation (15) over
indices i and j and taking a covariant derivative we have that 2f ikfik;n = 0. Using equation (11) we
then have f˜nlg
l = 0. Wiewing this equation as a linear homogeneous system of equations for unknown
functions gl under the condition det(f˜nl) 6= 0 we deduce that all gl = 0 and (see equation (11) again) we
see that fij;k = 0.
Case λ = 0. Let us contract the equation 0 = f ikfik;n = f
ikeiknlg
l with the tensor estnl by index n we
then have that grfst + gsftr + gtfrs = 0. We contract this equation (grfst + gsftr + gtfrs) with the tensor
estnl again. Thus grf˜nl = 0 that is all gr = 0 and fij;k = 0 as well.
Remark. The proof in the case where λ = 0 is also appropriate in the case where λ = 1.
So a Riemannian space class where the second Dirac operator arises is defined by the following
conditions:
gij = f ikf jk, fij;k = 0, fij + fji = 0. (17)
For more detailed information one can use a space classification admitting a covariant constant tensor
structure and (see, for example, [11]). A systematic classification of manifolds admitting solutions (11)
is seen in [12, 13] and partially in [6]. One can use these papers but the conditions (17) are formulated
in covariant form and are very suitable for practice calculations.
Remark. If fij;k = 0, then f˜ij;k = 0 of course, so that the ‘tail’ in operator (9) is vanishes and the
equality (14) becomes an identity.
Remark. If fij;k = 0, then some coordinate system exists where the matrix ||f ij || is constant (is
reduced to normal Jordan form) [14]. In this case we can write equation (16) in the following form:
Anmij gnm = λgij , A
nm
ij = f
n
if
m
j (18)
and without the restriction of generality we assume the matrix Anmij to be constant.
3 What does the existence of a second Dirac operator give?
Lemma 2 If for Dirac operator (1) the condition (14) is carried out then a nonsingular matrix S exist
and
SL = DS. (19)
Proof. The choice of the spin connection in the form (2) yields the uniqueness (to a precision of type
equvalence S−1γS, where S is a non-singular matrix) of the system solution (4) (Shapovalov’s result [6]).
So that in seeking a solution of the Dirac equation we can use the operator L. Moreover, this equation
answers the question about the index of the operator L
index(L) = index(D),
because detS 6= 0 (L is a Dirac operator in the other representation). So that the term ‘nonstandard’ in
our opinion can be referred not to the operator L but probably to the gravitational field itself. I would
like to draw your attention to equation (15). An antisymmetric tensor (11) splits a metric anologouisly
to the metric itself (gikgjk = g
ij).
The existence of the second Dirac operator gives some additional interesting information. First, we
note that from (14) and (19) it follows that the matrix S is a symmetry for the quadratic Dirac operator:
D2 = DD = (SLS−1)(SLS−1) = SL2S−1 = SD2S−1,
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and for all even degree of the Dirac operator the matrix S is a symmetry too: [D2n, S] = 0. Moreover,
[D2, S] = D[D,S] + [D,S]D = 0 (20)
and we see that the operator D
(0)
+ = [D,S] anticommutes with the Dirac operator D. One can see
that this operator commutes with the quadratic Dirac operator (and for all even degree). As D2D
(0)
+ =
−DD(0)+ D = D(0)+ D2, deducing as in (20) we see that the operator D(1)+ = [D,D(0)+ ] anticommutes with the
Dirac operator D. Let us define by induction an operator D
(k)
+ = [D,D
(k−1)
+ ], k = 1, 2, 3, . . .. All of these
operators anticommute with the Dirac operator D. Let us introduce an operator D
(0)
− = {D,S}. One can
see that this operator commutes with the Dirac operator. By analogy all operators D
(k)
− = {D,D(k−1)− },
k = 1, 2, 3, . . . commute with the Dirac operator as well.
Analogous sequences of operators can be constructed for the operator L. Let us introduce the following
operator L
(0)
+ = [L, S], then by induction L
(k)
+ = [L, L
(k−1)
+ ], k = 1, 2, 3, . . .. All of these operators
anticommute with the second Dirac operator L and operators L
(0)
− = {L, S} and L(k)− = {L, L(k−1)− },
k = 1, 2, 3, . . . commute with L.
Let us see some properties of the matrix S.
Lemma 3 Matrix S is unitary.
Proof. As the Dirac operator D (and L) is self-adjoint let us assume Hermitian conjugation of equation
(19) LS+ = S+D. Multiplying this equation on the left by S and using (19) again, we find [D,SS+] = 0.
Writing out summands from derivatives in this equation, we deduce that [γi, SS+] = 0, so for all matrices
A equation [A, SS+] = 0 is correct. So the matrix SS+ is scalar, i.e. SS+ = λE4. Without the restriction
of generality we assume λ = 1.
Let it be that D(±) = (D ± L)/2.
Lemma 4 If matrix S is Hermitian (S+ = S), then S2 = 1 and [D(+), S] = 0 and {D(−), S} = 0.
Proof. Let us remark that if S2 = 1 equation (19) can be written in the form LS = SD.
Equations L
(0)
+ = −D(0)+ and L(0)− = D(0)− follow from this lemma, and more general equations L(k)+ =
(−1)kD(k)+ and L(k)− = D(k)− , because of equations D(k)± = 2kDkD(0)± , L(k)± = 2kLkL(0)± are correct.
Let us look at the following structure:
(
D(−), K(−), S
)
. This structure has the following properties:
K(−) = D(−)
2
, S2 = 1, {D(−), S} = 0.
In accordance with [15] the three members
(
D(−), K(−), S
)
possess a supersymmetry. A conjugating
structure
(
D(+), K(+), S
)
has the following properties
K(+) = D(+)
2
, S2 = 1, [D(+), S] = 0.
So in the Riemannian space class (17) there is a supersymmetry construction.
Let us prove that the existence of the second Dirac operator gives a state degeneration of a particle.
As the operators D and L commute let us solve the egenvalue problem:
DΨ = mΨ, LΨ = m′Ψ.
However, the condition (14) gives m′ = ±m at once and with (19) we have
SLΨ = DSΨ = ±mSΨ,
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so both solutions Ψ and SΨ may sytisfy the Dirac equation; in our case D
(0)
+ = [D,S] 6= 0 and the
solution Ψ differs from SΨ. Together with the pair of equations
DΨ = mΨ, DSΨ = ±mSΨ
we can use a conjugate pair
LΨ = ±mΨ, LSΨ = mSΨ.
Let us look at the two states of the particle Ψ(±):
DΨ(±) = mΨ(±), LΨ(±) = ±mΨ(±).
To find states Ψ(±) we introduce the following operators:
D(±) = (D ± L)/2.
They have the following properties:
D(±)Ψ(±) = mΨ(±), D(±)SΨ(±) = ±mSΨ(±), D(±)Ψ(∓) = 0, D(±)D(∓) = 0.
If matrix S is Hermitian we deal with some physically observable value. A condition S2 = 1 gives us
the possibility of interpreting this value as a parity analogue.
4 The second Dirac operator in Riemannian space with a five
dimensional motion group
As an illustration of our theory let us look at the Riemannian spaces with a five-dimensional motion
group given in Petrov’s monograph [16]. Of the 39 metrics in [16, p 297-314] only four metrics admit
the second Dirac operator. To find these metrics we solved an equation for the Killing-Yano tensor fields
(11) and checked the condition (15).
Using specific calculations it is rather useful to follow these conditions. Let us derive equation (11)
and exclude the second and then the first derivatives with the help of equations (11). Then we shall have
an equation in the form
(Rnkij +R
n
jik)fin −Rniikfjn − Rniijfkn = 0, (21)
This equation holds for all indices i, j, k. The Riemann tensor is defined by the equation Ri jkl = Γ
i
jl,k −
Γijk,l +Γ
i
nkΓ
n
jl− ΓinlΓnjk, and Ricci tensor by contraction over the first and third indices: Rjk = Rnjnk. For
constant curvature spaces under substitution
Rijkl =
R
n(n− 1)(gikgjl − gilgjk), Rjl =
R
n
gjl (n = 4) (22)
equation (21) is carried out identically, so for spaces (22) these conditions are useless. However, if the
space is not of type (22), the conditions (21) help the search for equation solutions (11). In all cases we
calculate a matrix S that is equivalent (19).
Let us look at metric number (33.31) in Petrov’s monograph [16, p 309].
ds2 = 2k13 exp(−cx4)dx1dx3 + k22 exp(−2cx4)dx22 + 2k22x1 exp(−2cx4)dx2dx3 +
k22x
12 exp(−2cx4)dx32 + k44dx42 (23)
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where c and kij are constants, det(gij) = −k213k22k44 exp(−4cx4), and the space scalar curvature R =
(k22/k
2
13 − 11c2/k44)/2.
Using conditions (21) we find a simple connection between Killing-Yano field components: f14 =
f12c exp(cx
4)k12/k22. The case k22k44 + c
2k213 6= 0, c 6= 0 gives the conditions f12 = f14 = f23 = f24 = 0.
Let us now solve equation (11) and deduce that all components are zero fij = 0 and the space (23)
does not admit a Killing-Yano tensor field. If the condition k22k44 + c
2k213 = 0 is carried out (c 6= 0,
otherwise the metric is degenerate), equations (21) gives an additional condition between the Killing-Yano
field components: f34 = f24x
1 − f23 exp(cx4)k44/(ck13). Using these relationships and solving equations
(11) we shall find that the space (23) admits a Killing-Yano tensor field with non-zero components:
f13 = a exp(−cx4), f24 = ca exp(−cx4), f34 = cax1 exp(−cx4), a = ik13. In other cases Riemannian space
(23) does not admit the Killing-Yano tensor field. In the case where c = 0 the space admits a Yano vector
field, but we will not look at this situation.
Let us look at the case where k22k44 + c
2k213 = 0 (c 6= 0). A tetrad is given in appendix B.
The Dirac operator in the space (23) has the form
D =
exp(cx4)
2k13
(γ̂1 − γ̂2)∂x1 +
(√
k44 exp(cx
4)
ck13
γ̂4 − x1(γ̂1 + γ̂2)
)
∂x2 + (γ̂
1 + γ̂2)∂x3 +
i√
k44
γ̂3∂x4 +
c
4
√
k44
(i
∗
γ̂4 −
∗
γ̂3 −4iγ̂3)
The spin symmetry operator (9) over the Killing-Yano tensor:
L =
i exp(cx4)
2k13
(
∗
γ̂1 −
∗
γ̂2)∂x1 −
(√
k44 exp(cx
4)
ck13
∗
γ̂3 −ix1(
∗
γ̂1 +
∗
γ̂2)
)
∂x2 − i(
∗
γ̂1 +
∗
γ̂2)∂x3 +
i√
k44
∗
γ̂4 ∂x4 +
c
4
√
k44
(iγ̂3 + γ̂4 − 4i
∗
γ̂4)
A simple control gives f inf jn = g
ij and we have the equation D2 = L2, so the operator L is the second
Dirac operator. Solving the system (19) we find a matrix S that gives standard equivalence. The matrix
has the following meaning:
S =
1
2
(1− iγ̂ − γ̂12 + iγ̂34),
it has the property S2 = 1. Operator D
(0)
− = {D,S} = D + L = 2D(+).
We shall investigate other metrics in the monograph [16] analogously.
Metric (33.32) in the monograph [16, p 309].
ds2 = k11 exp(−2x4)dx12 + k22 exp(−4x4)dx22 + 2k22x1 exp(−4x4)dx2dx3 +
(k22x
12 exp(−4x4) + k11 exp(−2x4))dx32 + k44dx42 (24)
where kij are arbitrary constants, det(gij) = k
2
11k22k44 exp(−8x4), and the space scalar curvature R =
−k22/(2k211)− 22/k44.
In the general case the Riemannian space (24) does not admit a Yano vector field and a Killing-Yano
tensor field. However, if k22k44 − 4k211 = 0 there is a Killing-Yano tensor field with non-zero components:
f13 = a exp(−2x4), f24 = 2a exp(−2x4), f34 = 2ax1 exp(−2x4), a = ik11.
The Dirac operator in the space (24):
D =
i exp(x4)√
k11
γ̂2∂x1 + exp(x
4)
(√
k44 exp(x
4)
2k11
γ̂1 − ix
1
√
k11
γ̂3
)
∂x2 +
i exp(x4)√
k11
γ̂3∂x3 +
i√
k44
γ̂4∂x4 − 1
2
√
k44
(4iγ̂4−
∗
γ̂4)
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The second Dirac operator:
L =
i exp(x4)√
k11
∗
γ̂3 ∂x1 + i exp(x
4)
(√
k44 exp(x
4)
2k11
∗
γ̂4 +
x1√
k11
∗
γ̂2
)
∂x2 −
i exp(x4)√
k11
∗
γ̂2 ∂x3 − 1√
k44
∗
γ̂1 ∂x4 +
1
2
√
k44
(4
∗
γ̂1 −iγ̂1)
The matrix S = 1
2
(1 + iγ̂ − γ̂14 − iγ̂23), S2 = 1. Operator D(0)− = 2D(+).
Metric (33.45) in the monograph [16, p 312].
ds2 = k11 exp(x
4)dx1
2
+ 2k13 exp(−x4/2)dx1dx3 + k22 exp(−x4)dx22 +
2k22x
1 exp(−x4)dx2dx3 + (k22x12 exp(x4) + k33) exp(−2x4)dx32 + k44dx42 (25)
where kij are constants, det(gij) = k22k44(k11k33 − k213) exp(−2x4), and the space scalar curvature R =
(20k11k33 − 11k213 + 4k22k44)/(8k44(k11k33 − k213)).
The space (25) admits five Killing vectors ξi(1) = (0, 1, 0, 0), ξ
i
(2) = (0, 0, 1, 0), ξ
i
(3) = (−1, x3, 0, 0),
ξi(4) = (−x1/2, x2/2, x3, 1), ξi(5) = (k1 exp(x4/2) + x1x3 + x2, x2x3 − k3x1 exp(2x4), x3
2
+ k3 exp(2x
4), 2x3).
A constant k1, k3 lies under the conditions: k13 − k1k22 = 0, k11 + k3k22 = 0, k1k11 + 4k3k13 = 0,
k1k13+4k3k33 +4k44 = 0. Combining the first three equalities above we find that k11k13 = 0. Both these
constants cannot be zero simultaneously otherwise the metric is degenarate, which is why one should take
two cases: a) k11 = 0, k13 6= 0 and b) k11 6= 0, k13 = 0.
The Riemannian space (25) admits Killing-Yano tensor fields in the following cases:
(a) k11 = 0, k33 = 0, 4k22k44 + k
2
13 = 0. Non-zero components are: f13 = 2a exp(−x4/2), f24 =
a exp(−x4/2), f34 = ax1 exp(−x4/2), a = ik13/2. If a constant k33 6= 0, our Riemannian space does not
admit a Killing-Yano tensor field.
(b) k13 = 0, k11k33 − k22k44 = 0. Non-zero components are: f12 = ak11, f13 = ak11x1, f34 =
ak44 exp(−x4), a =
√
k33/
√
k44.
Case (a) k11 = 0, k33 = 0, 4k22k44 + k
2
13 = 0.
The Dirac operator in the space (25) has the form:
D = (γ̂1 + γ̂2)∂x1 +
exp(x4/2)
k13
(
2
√
k44γ̂
3 − x
1
2
(γ̂1 − γ̂2)
)
∂x2 +
exp(x4/2)
2k13
(
γ̂1 − γ̂2
)
∂x3 +
i√
k44
γ̂4∂x4 − 1
8
√
k44
(4iγ̂4 + i
∗
γ̂3 +
∗
γ̂4)
The second Dirac operator:
L = i(
∗
γ̂1 +
∗
γ̂2)∂x1 − exp(x
4/2)
k13
(
2
√
k44
∗
γ̂4 −ix
1
2
(
∗
γ̂1 −
∗
γ̂2)
)
∂x2 −
i exp(x4/2)
2k13
(
∗
γ̂1 −
∗
γ̂2)∂x3 +
i√
k44
∗
γ̂3 ∂x4 +
1
8
√
k44
(γ̂3 − iγ̂4 − 4i
∗
γ̂3)
Matrix S = 1
2
(1− iγ̂ + γ̂12 − iγ̂34), S2 = 1. Operator D(0)− = 2D(+).
Case (b) k13 = 0, k11k33 − k22k44 = 0.
The Dirac operator has the form
D =
i exp(−x4/2)√
2k11
(γ̂2 − γ̂3)∂x1 + exp(x
4)√
k33
(
i
√
k44 exp(−x4/2)√
2k11
(γ̂2 + γ̂3)− x1γ̂1
)
∂x2 +
exp(x4)√
k33
γ̂1∂x3 +
i√
k44
γ̂4∂x4 − 1
4
√
k44
(2iγ̂4+
∗
γ̂4)
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The second Dirac operator:
L = −i exp(−x
4/2)√
2k11
(
∗
γ̂2 +
∗
γ̂3)∂x1 +
i exp(x4)√
k33
(√
k44 exp(−x4/2)√
2k11
(
∗
γ̂2 −
∗
γ̂3) + x1
∗
γ̂4
)
∂x2 −
i exp(x4)√
k33
∗
γ̂4 ∂x3 +
1√
k44
∗
γ̂1 ∂x4 − 1
4
√
k44
(iγ̂1 + 2
∗
γ̂1)
Matrix S = 1
2
(1 + iγ̂ + γ̂14 + iγ̂23), S2 = 1. Operator D
(0)
− = 2D
(+).
Metric (33.46) in the monograph [16, p 312].
ds2 = k11 exp(4x
4)dx1
2
+ 2k13 exp(x
4)dx1dx3 + k22 exp(2x
4)dx2
2
+
2k22x
1 exp(2x4)dx2dx3 + (k22x
12 exp(4x4) + k33) exp(−2x4)dx32 + k44dx42 (26)
where kij are constants, det(gij) = k22k44(k11k33 − k213) exp(4x4), and the space scalar curvature R =
(20k11k33 − 11k213 + k22k44)/(2k44(k11k33 − k213)).
A space (26) admits five Killing vectors, they have the form ξi(1) = (0, 1, 0, 0), ξ
i
(2) = (0, 0, 1, 0), ξ
i
(3) =
(−1, x3, 0, 0), ξi(4) = (−2x1,−x2, x3, 1), ξi(5) = (k1 exp(−4x4)+x1
2
,−k3x1 exp(−x4), x2+k3 exp(−x4),−x1).
The constants k1, k3 have the following conditions: k33+k1k22 = 0, k13−k3k22 = 0, 4k1k13+k3k33 = 0,
4k1k11 + k3k13 + k44 = 0. Combining three equations, we find that k13k33 = 0. Both the constants are
non-zero simultaneously so we shall have two cases: (a) k33 = 0, k13 6= 0; (b) k33 6= 0, k13 = 0.
The Riemannian space (26) admits a Killing-Yano tensor field in the following cases:
(a) k33 = 0, k11 = 0, k22k44+k
2
13 = 0. The non-zero components are: f13 = −a exp(x4), f24 = a exp(x4),
f34 = ax
1 exp(x4), a = ik13. If a constant k11 6= 0, the Riemannian space (33.46) does not admit a Killing-
Yano tensor field.
(b) k13 = 0, 4k11k33 − k22k44 = 0. Non-zero components are: f14 = −ak44 exp(2x4), f23 = 2ak33,
a = i
√
k11/
√
k44.
Case (a) k33 = 0, k11 = 0, k22k44 + k
2
13 = 0.
The Dirac operator in the space (26):
D = (γ̂1 + γ̂2)∂x1 +
exp(−x4)
k13
(√
k44γ̂
3 − x
1
2
(γ̂1 − γ̂2)
)
∂x2 +
exp(−x4)
2k13
(γ̂1 − γ̂2)∂x3 + i√
k44
γ̂4∂x4 +
1
4
√
k44
(4iγ̂4 + i
∗
γ̂3 −
∗
γ̂4)
The second Dirac operator:
L = −i(
∗
γ̂1 +
∗
γ̂2)∂x1 − exp(−x
4)
k13
(√
k44
∗
γ̂4 +
ix1
2
(
∗
γ̂1 −
∗
γ̂2)
)
∂x2 +
i exp(−x4)
2k13
(
∗
γ̂1 −
∗
γ̂2)∂x3 +
i√
k44
∗
γ̂3 ∂x4 +
1
4
√
k44
(γ̂3 + iγ̂4 + 4i
∗
γ̂3)
The matrix S = 1
2
(1 + iγ̂ + γ̂12 + iγ̂34), S2 = 1. Operator D
(0)
− = 2D
(+).
Case (b) k13 = 0, 4k11k33 − k22k44 = 0.
The Dirac operator in the space (26):
D =
i exp(−2x4)√
2k11
(γ̂2 − γ̂3)∂x1 − exp(−x
4)√
k33
(
exp(2x4)γ̂1x1 − i
√
k44
2
√
2k11
(γ̂2 + γ̂3)
)
∂x2 +
exp(x4)√
k33
γ̂1∂x3 +
i√
k44
γ̂4∂x4 +
1
2
√
k44
(2iγ̂4−
∗
γ̂4)
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The second Dirac operator:
L =
i exp(−2x4)√
k11
∗
γ̂4 ∂x1 − exp(−x
4)√
k33
(
ix1 exp(2x4)√
2
(
∗
γ̂2 +
∗
γ̂3) +
√
k44
2
√
k11
∗
γ̂1
)
∂x2 +
i exp(x4)√
2k33
(
∗
γ̂2 +
∗
γ̂3)∂x3 − i√
2k44
(
∗
γ̂2 −
∗
γ̂3)∂x4 − 1
2
√
2k44
(γ̂2 − γ̂3 + 2i
∗
γ̂2 −2i
∗
γ̂3)
Matrix S = i
2
√
2
(i
√
2 +
√
2γ̂ + iγ̂12 + iγ̂13 − γ̂24 + γ̂34), S2 = 1. Operator D(0)− = −2D(+).
Let us give an example of gravitational fields with equation (16) under the condition λ = 0. In
Petrov’s classification there are only two examples of Riemannian spaces with this property.
Metric (33.49) in the monograph [16, p 313].
ds2 = 2k12dx
1dx2 − ((k12 − k33)x42 + 2k23x4 − k22)dx22 +
2((k12 − k33)x4 + k23)dx2dx3 + k33dx32 + k44dx42 (27)
where kij are constants, det(gij) = −k212k33k44, space scalar curvature is R = 0. The space metric (27)
satisfies Einstein’s vacuum equations (29) (Λ = 0) under the condition k12 = ±k33. The space (27)
admits two Killing-Yano tensors f23 = i(α exp(iωx
2) − β exp(−iωx2))√k33/
√
k44, f24 = α exp(iωx
2) +
β exp(−iωx2). Here α, β are constants, ω = (k12 − k33)/(2
√
k33k44).
Metric (33.50) in the monograph [16, p 313].
ds2 = k11dx
12 − 2k13x4dx1dx2 + 2k13dx1dx3 + k22dx22 + k44dx42 (28)
where kij are constants, det(gij) = −k213k22k44 and the space scalar curvature R = 0. The space metric
(28) does not satisfy Einstein’s equations (29) for any constants. The space (28) admits two Killing-
Yano tensors f12 = α exp(iωx
2) + β exp(−iωx2), f14 = 2iω(α exp(iωx2)− β exp(−iωx2))k44/k13, α, β are
constants, ω2 = k213/(4k22k44).
The Killing-Yano tensor fields for metrics (27) and (28) have the following property: f inf jn = 0 and the
symmetry operators (9) constructed from the tensor fields satisfy the condition L2 = 0 correspondingly.
5 Solution of the Einstein equation and Petrov types
There are only four metrics (23)-(26) with five dimensional motion group where the second Dirac operator
arises. Metrics (23), (24), (25), case (a) and (26), case (b) satisfy Einstein’s equations with the Λ-member
Rij − R
2
gij = Λgij (29)
under the following conditions: Λ = 3c2/(2k44), Λ = 6/k44, Λ = 3/(8k44), Λ = 3/(2k44) correspondingly.
Spaces (23), (24), (25), case (a), (26), case (a) belong to the Petrov type D, and the rest metrics to type
I by Petrov’s classification. From the Newman-Penrose equations we find independent components of the
Weyl tensor defined by five complex scalars ψ0, ψ1, ψ2, ψ3, ψ4. The Petrov type is then established from
analysis of the roots of the equation ψ4x
4 + 4ψ3x
3 + 6ψ2x
2 + 4ψ1x+ ψ0 = 0 [17, p 74].
I will now give some remarks concerning the discussed metrics. Metrics (25) and (26) belong to the
non-Sta¨ckel type, i.e. it is impossible to find the solution of the Klein-Fock and Dirac equations according
to the method of separation of variables in these spaces. Metrics (23) and (24) belong to the Sta¨ckel type,
but it is impossible to find the solution of the Dirac equation with the method of separation of variables
in this spaces too. However, in all discussed metrcis the Dirac equation is integrated so we can find the
exact solution using some other method, the results are given in [18]-[21]. The identities D2 = L2 were
accidentally found when attempts to integrate the Dirac equation were made with the help of the method
of separation of variables and the additional symmetry operators (9) and (10).
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6 Hypothesis concerning the number of second Dirac opera-
tors
Besides all discussed metrics the author knows some more examples of the Riemannian spaces (even Ricci
flat), where a second Dirac operator arises. In the author’s opinion there is an interesting feature that the
number of second Dirac operators is always odd, i.e. the common number of Dirac operators is always
even (two or four). However, the author does not have a proof of this working hypothesis, but does not
have any examples contradicting it. It is necessary to note that in all examples the number of operators
(9) under the condition L2 = 0 (the case λ = 0 in equation (16)) is even as well. This hypothesis also
needs to be explained. There are some examples where both the second Dirac operator and two operators
(9) under the condition L2 = 0 arise. The roots of these phenomena seem to lie in supersymmetry theory.
7 Conclusion
The condition (17) in the general case defines a Riemannian space class where the identities D2 = L2
exist between the Dirac operator D and the symmetry operator L (9). In this case we interpret the
operator L as a second Dirac operator. It is a main result of this paper. In our opinion the existence
of the second Dirac operator is a property of the gravitational field itself. The state of the spin particle
in this gravitational field is degenarate. There are two solutions Ψ(±) of the initial Dirac equation (1).
An equivalence SL = DS between the operators D and L is important and always works if we choose a
spin connection in the form (2). We give a physical interpretation of the value S as a parity analogue.
In section 4 we give some examples of gravitational fields where the second Dirac operator exists.
In conclusion, I would like to note that in flat space and de Sitter space all the Killing-Yano fields
are well known. The control of conditions (17) in these spaces is negative. So in flat space and de Sitter
space a second Dirac operator does not exist. This fact is well known in the literature.
One can use the results of this paper to find the exact solutions of the Dirac equation in Riemannian
space of type (17).
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Appendix A. Dirac matrices
Some equivalent representations are known for Dirac matrices [1, 2]. We use a standard representation,
γ̂1 =
(
Ê2 0
0 −Ê2
)
, γ̂2 =
(
0 σx
−σx 0
)
, (30)
γ̂3 =
(
0 σy
−σy 0
)
, γ̂4 =
(
0 σz
−σz 0
)
. (31)
Here Ê2 is a unit 2× 2 matrix and σx, σy, σy are Pauli matrices.
Ê2 =
(
1 0
0 1
)
, σx =
(
0 1
1 0
)
, (32)
σy =
(
0 −i
i 0
)
, σz =
(
1 0
0 −1
)
. (33)
One can construct matrices
∗
γ̂i, γ̂ij and γ̂ with the help of the following equations:
∗
γ̂1= −γ̂2γ̂3γ̂4,
∗
γ̂2= −γ̂1γ̂3γ̂4,
∗
γ̂3= γ̂1γ̂2γ̂4,
∗
γ̂4= −γ̂1γ̂2γ̂3, γ̂ij = 1
2
[γ̂i, γ̂j], γ̂ = −γ̂1γ̂2γ̂3γ̂4.
Appendix B. Tetrads
The tetrad for the metric (23) is
ei(1) = (exp(cx
4),−2k13x1, 2k13, 0) /(2k13);
ei(2) = (− exp(cx4),−2k13x1, 2k13, 0) /(2k13);
ei(3) = (0, 0, 0, i) /
√
k44;
ei(4) = (0, i exp(cx
4), 0, 0) /
√
k22.
The tetrad for the metric (24) is
ei(1) = (0, exp(2x
4), 0, 0) /
√
k22;
ei(2) = (i exp(x
4), 0, 0, 0)/
√
k11;
ei(3) = (0,−ix1 exp(x4), i exp(x4), 0) /
√
k11;
ei(4) = (0, 0, 0, i) /
√
k44.
The tetrad for the metric (25) is
Case (a)
ei(1) = (2k13,−x1 exp(x4/2), exp(x4/2), 0) /(2k13);
ei(2) = (2k13, x
1 exp(x4/2),− exp(x4/2), 0) /(2k13);
ei(3) =
(
0, 2 exp(x4/2)
√
k44, 0, 0
)
/k13;
ei(4) = (0, 0, 0, i) /
√
k44.
Case (b)
ei(1) = (0,−x1 exp(x4), exp(x4), 0) /
√
k33;
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ei(2) =
(
i exp(−x4/2), i exp(x4/2)√k44/
√
k33, 0, 0
)
/
√
2k11;
ei(3) =
(
−i exp(−x4/2), i exp(x4/2)√k44/
√
k33, 0, 0
)
/
√
2k11;
ei(4) = (0, 0, 0, i) /
√
k44.
The tetrad for the metric (26) is
Case (a)
ei(1) = (2k13,−x1 exp(−x4), exp(−x4), 0) /(2k13);
ei(2) = (2k13, x
1 exp(−x4),− exp(−x4), 0) /(2k13);
ei(3) =
(
0, exp(−x4)√k44, 0, 0
)
/k13;
ei(4) = (0, 0, 0, i) /
√
k44.
Case (b)
ei(1) = (0,− exp(x4)x1, exp(x4), 0) /
√
k33;
ei(2) =
(
i exp(−2x4), i√k44 exp(−x4)/(2
√
k33), 0, 0
)
/
√
2k11;
ei(3) =
(
−i exp(−2x4), i√k44 exp(−x4)/(2
√
k33), 0, 0
)
/
√
2k11;
ei(4) = (0, 0, 0, i) /
√
k44.
References
[1] Bjorken J D and Drell S D 1964 Relativistic Quantum Mechanics (New York: McGraw-Hill)
[2] Itzykson C and Zuber J B 1980 Quantum Field Theory (New York: McGraw-Hill)
[3] Penrose R 1973 Ann. NY Acad. Sci. 224 125
[4] van Holten J W and Waldron A and Peetres K 1999 Preprint hep-th/9901163
[5] Green M B and Schwarz J H and Witten E 1990 Superstring theory vol 1,2 (Moscow: Mir)
[6] Shapovalov V N 1975 Izw.vuz. Phys. 6 57
[7] Carter B and McLenaghan R G 1979 Phys. Rev. D 19 1093
[8] McLenaghan R G and Spindel Ph 1979 Phys. Rev. D 20 409
[9] McLenaghan R G and Spindel Ph 1979 Bull.Soc.Math. Belgique XXXI 65
[10] Bagrov V G and Shapovalov A V and Yevseyevich A A 1990 Class. Quantum Grav. 7 517
[11] Shirokov P A 1925 Kazan Izw. Phys. Math. Sos. (2) 25 3
[12] Dietz W and Rudiger R Space-times admitting Killing-Yano tensors I 1981 Proc.Roy.Soc. A 375 361
[13] Dietz W and Rudiger R Space-times admitting Killing-Yano tenzors II 1981 Proc.Roy.Soc. A 381
315
[14] Shirokov A P 1955 Dokl. Akad. Nauk 102 461
14
[15] Witten E Supersymmetry and Morse theory 1982 J. Differ. Geom. 17 661
[16] Petrov A Z 1961 Einstein Spaces (Moscow: Nauka)
[17] Chandrasekhar S 1986 The Mathematical Theory of Blak Holes vol 1,2 (Moscow: Mir)
[18] Shapovalov A V and Shirokov I V 1991 Izw.vuz. Phys. 5 33
[19] Fedoseev V G and Shapovalov A V and Shirokov I V 1991 Izw.vuz. Phys. 9 43
[20] Varacsin O L and Shirokov I V 1996 Izw.vuz. Phys. 1 31
[21] Varacsin O L and Klishevich V V 1997 Izw.vuz. Phys. 8 24
15
